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Abstract Creating bokeh effect in synthesized images
can improve photorealism and emphasize interesting

subjects. Therefore we present a novel method for ren-
dering realistic bokeh effects, especially chromatic ef-
fects, which are absent for existing methods. This new

method refers to two key techniques: an accurate dis-
persive lens model and an efficient spectral rendering
scheme. This lens model is implemented based on op-

tical data of real lenses and considers wavelength de-
pendency of physical lenses by introducing a sequential
dispersive ray tracing algorithm inside this model. This

spectral rendering scheme is proposed to support ren-
dering of lens dispersion and integration between this
new model and bidirectional ray tracing. The render-

ing experiments demonstrate that our method is able to
simulate realistic spectral bokeh effects caused by lens
stops and aberrations, especially chromatic aberration,

and feature high rendering efficiency.
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1 Introduction

Bokeh effect means the blur in out of focus (OOF) re-
gions of an image produced by lenses of finite aper-
ture, and, more exactly, refers to aesthetic quality of

blur appearance, including size, shape and light inten-
sity distribution of circle of confusion (COC). Bokeh
effect is similar to depth of field (DOF) effect because

both kinds of effects mean blur of the OOF background
or foreground. However, DOF effect is merely related to
the blur amount, while bokeh effect lays more stress on

the blur appearance of an OOF point, especially for s-
mall light sources and specular highlights in OOF areas
of a photo [1,20], illustrated in Fig. 1. Adding accurate

bokeh effect into a synthesized image can dramatically
enhance image photorealism and improve depth percep-
tion and user comprehension. In addition, generation of

artistic bokeh is also another interesting application. A
few of approaches have been proposed to simulate this
kind of effect in recent years, but hardly produce com-

pellent and accurate results due to their incompetence
at accurately modeling the optical properties of com-
plex lenses or lack of accurate scene information.

In this paper, a novel spectral bokeh rendering method,
which incorporates both accurate modeling of complex
lens system and accurate scene information, is proposed.

Our method firstly presents a new physically-based dis-
persive lens model with multiple aspects of new fea-
tures, such as lens stops, real glass data and dispersive

ray tracing inside the model. By this new model, vari-
ous optical properties, especially spectral properties, of
physical lenses are able to be accurately modeled. we

also propose a serial of efficient spectral rendering tech-
niques, including an efficient spectral sampling tech-
nique, a hybrid scheme for dealing with the dispersion,

and a modified bidirectional ray tracing approach for
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Fig. 1 Photographs characteristic of bokeh effects. (a) The blur
shapes are circular in the center of the photo, but become more

elliptic when closer to the perimeter [35] (Image courtesy of Paul
van Walree [32]); (b) The bokehs in the OOF highlights become
colorful due to chromatic aberration, photographed by the Can-

non EOS 50D with F/1.4.

integrating our model, which are combined with this

model to achieve generation of realistic bokeh effect,
especially various colorful bokeh.

2 Related work

2.1 Bokeh rendering

DOF effect, viewed as a simplified bokeh effect, gain-

s comprehensive attentions, and numerous techniques
have been proposed for rendering this kind of effect.
These algorithms fall into two categories: single-view

methods [23,14,19] and multi-view methods [8,26,17].
The single-view methods depend on post-processing,
such as gathering and scattering, of a single-view image

to gain very high rendering performance for real-time
applications. On the contrary, the multi-view methods,
such image accumulation and distributed ray tracing,

are capable of simulating more realistic DOF effect at
the cost of heavy computation. Based on these method-
s, many rendering methods for DOF effect are extended

to render bokeh effect.

Bokeh effect was first mentioned by Potmesil and

Chakravarty [23]. Based on wave theory and thin lens
model, the Lommel function was introduced to repre-
sent the light intensity distribution in the COC, but no

actual bokeh effect is produced. The gathering-based
method was extended by applying a variety of filters
with different shapes and intensity distributions to ob-

tain plausible bokeh effects [24,11]. However, relatively
high quality bokeh effect is rather difficult with this
method, since bokeh patterns are determined by the

scattered pixels from a source image rather than the
gathered neighbor pixels [9]. Therefore, the scattering
method can simulate more accurate bokeh by exploit-

ing some special techniques, such as texture extension
of GPU point sprites [19], composite of a set of sim-
ple images describing basic aperture shapes [16], and

summed area table[13].

However, these methods above only rely on single

image, and hence results are approximate and plausi-
ble. Lee et al. [18] simulated bokeh effects due to spher-
ical aberration, based on a layered image-based scene

and a simple geometric lens. In spite of gaining high
real-time performance, various realistic bokeh effect-
s due to lens stops and multiple kinds of aberrations

are unachievable. Buhler et al. [3] used an arbitrary
probability density function to represent the intensity
distribution within the COC, and combined distribut-

ed ray tracing to achieve more accurate effects than the
single-view methods, but adapted the thin lens model.
Wu et al. [37] simulated realistic bokeh effects depen-

dent on monochromatic aberrations by using a realistic
lens model and distributed ray tracing, but the bokeh
effects stemming from lens stops and chromatic aber-

rations are not still taken into account.

2.2 Dispersion modeling

Light dispersion occurs when polychromatic light is s-
plit into its spectral components on a refractive mate-
rial boundary due to the wavelength dependency of the

refractive indices in transparent materials. Light disper-
sion creates a variety of colorful optical effects, which
draw great interests from computer graphics aiming at

simulating these effects. Some researchers proposed a
few approaches, such as spread ray tracing [29,38] and
composite spectral model [27,28], to model the light

dispersion. However, existing approaches are only used
to model general light dispersion in a 3D scene, espe-
cially rendering of gemstones, but lens dispersion, e.g.

chromatic bokeh, is never considered.

3 Lens stops

A lens system typically has many openings, or geomet-
ric structures that limit the incident light through the

lens system. These structures, generally called stops,
may be the edge of a lens or mirror, a ring or other
fixture that holds a lens element in place, or may be

a special element such as a diaphragm placed in the
light path to limit the light through the lens system.
Of these stops, the aperture stop is the stop that de-

termines the ray cone angle of a point near the optical
axis and the vignetting stop is the stop that limits the
ray bundle of a point far from the optical axis. Both

stops play an important role in shaping the bokeh. The
shape of bokeh appearing near the center of an image
is individually determined by the aperture stop but the

bokeh existing in the periphery is affected by both the
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Fig. 2 Optical relationship of the aperture stop, entrance pupil
and exit pupil of a doublet.

aperture stop and vignetting stops when there are no

aberrations in the lens.

3.1 Aperture stop

In optics, the aperture stop is the aperture that most
limits the amount of light entering a lens system, and its

images in the object space and image space are called
the entrance and exit pupils, respectively [6]. In other
words, the entrance pupil is the image of the aperture

stop as it would be seen if viewed from the axial point
on the object; the exit pupil is the image of the aper-
ture stop as it would be seen if viewed from the final

image plane. Figure 2 illustrates the optical relationship
among the aperture stop (PQ), entrance pupil (P’Q’)
and exit pupil (P”Q”).

Based on the optical definitions of the aperture stop,

entrance and exit pupils, there is a conjugate relation-
ship among them [6]. More precisely, if a light path s-
tarting from an axial point passes through one of them,

it would be bound to pass through other ones and even-
tually the entire lens system. On the contrary, if a light
path can not pass through any of them, it can not also

pass through any others.

The aperture stop may be circular, polygonal, or
other arbitrary shapes. The aperture stop has a great
influence on the appearance of bokeh. It determines the

shape of bokeh in the middle of a photo, and influences
the shape of bokeh in the edge of a photo. When a
lens is stopped down to a value far less than its max-

imum aperture size (minimum f-number), OOF points
are blurred into polygons rather than perfect circles,
as shown in Fig. 3. This is most apparent when a lens

produces undesirable, hard-edged bokeh, and therefore
some lenses have aperture blades with curved edges to
make the aperture more closely approximate a circle

rather than a polygon.

Fig. 3 The shape of the entrance pupil varies with both the

aperture size and the angle of incidence. The white openings cor-
respond to the clear aperture for light that reaches the image
plane.(Image courtesy of Paul van Walree [33])
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Fig. 4 Basic optical principle of vignetting formation.

3.2 Vignetting stop

When a beam of rays from an off-axis point passes
through a lens system, it may be partially blocked by

the rims of some elements in the lens system. This op-
tical phenomenon is called vignetting, whose basic op-
tical principle is explained in Fig. 4. The beam of rays

emanating from the point B (dashed line) is limited on
its lower edge by the lower rim of the lens L1 and on its
upper edge by the upper rim of the lens L2. The clear

aperture of the lens system when viewed from point B
is shown in the left side of Fig. 4. The clear aperture
has become the common area of two circles, one (sol-

id line) of which is the clear diameter of L1, and the
other (dashed line) the clear diameter of L2’s image
produced by L1. The white opening of the left bottom

lens in Fig. 3 corresponds to the clear aperture affect-
ed by vignetting when seen from the semi-field angle.
Vignetting gradually and radially reduces the light in-

tensity and changes the bokeh shape in the periphery
of the image, and Figure 1 shows the so-called cat’s eye
effect due to vignetting.

4 Lens aberrations

Lens aberrations, ubiquitous in lens systems, refer to

deviation of the imaging characteristics of a lens sys-
tem from the perfect predictions by Gaussian optics [2],
as illustrated in Fig. 5. Aberrations can fall into two

categories: monochromatic and chromatic. Monochro-
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Fig. 5 Perfect thin lens produces a single point on Gaussian
image plane, but real spherical lens produces a circle of confusion
on the image plane.

matic aberrations are caused by the geometry of the
lens and occur when light is either refracted or reflect-

ed. They appear even when only using monochromatic
light. Chromatic aberrations are incurred by lens dis-
persion, the variation of a lens’s refractive index with

wavelength. They do not appear when monochromat-
ic light is used. Lens aberrations, both monochromatic
and chromatic, usually result in blurring of images (Fig.

5(b)), and therefore make a important impact on bokeh
appearance, including its shape and intensity distribu-
tion. In this section, we will present a simple schematic

optical explanation on how various kinds of aberrations
influence bokeh on images.

4.1 Monochromatic aberrations

The monochromatic aberrations, which have an impor-
tant impact on the bokeh appearance, include spheri-

cal aberration, coma, astigmatism and field curvature.
Spherical aberration determines the light intensity dis-
tribution within the COC in the middle of an image.

Coma can affect both the shape and light distribution
of the COC in the periphery of an image. Astigmatism
and field curvature can cause the curved image surface,

and elongate the shape of the COC. The more detailed
explanations about monochromatic aberrations can be
found in previous work [37].

4.2 Chromatic aberrations

In optics, chromatic aberration is the incapability of a

lens system to focus different wavelengths of light to
the exact same point. It occurs because the refractive
materials of lenses have different refractive indices for

different wavelengths, and can be regarded as a special
kind of dispersion phenomenon inside the lens system.
Since the focal length f of a lens is dependent on the

refractive index n, different wavelengths of light will
be focused on different positions. Chromatic aberration
can be both axial (longitudinal), in that different wave-

lengths are focused at a different distance from the lens,
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Fig. 6 Chromatic aberration of a single lens. (a) The focal length

varies with wavelength; (b) The magnification varies with wave-
length.

as illustrated in Fig. 6(a); and lateral (transverse), in
that different wavelengths are focused at different po-
sitions in the focal plane (because the magnification of

the lens also varies with wavelength), as illustrated in
Fig. 6(b). Chromatic aberration is usually perceived in
the form of colored fringes or colored blur along con-

trasty edges that separate dark and bright parts of an
image, especially the colored blur, also called as chro-
matic bokeh, in the OOF area of the image, as illus-

trated in Fig. 1.

5 Dispersive lens model

5.1 Dispersive equation

Generally, the refractive index of a lens material, such
as glass, plastic and crystalline, non-linearly decreas-

es with increasing wavelength, indicated in Fig. 7. The
non-linear wavelength dependency can be described by
dispersion equation. Many forms of dispersion equation

exist, but two of them are the most commonly used e-
quations, namely Schott and Sellmeier equations [2,15],
used by Schott, Hoya and other optical glass manufac-

turers:

Schott : n2(λ) = a0 + a1λ
2 + a2λ

−2 + a3λ
−4

+ a4λ
−6 + a5λ

−8,

Sellmeier : n2(λ) = a0 +
a1λ

2

λ2 − b1
+

a2λ
2

λ2 − b2

+
a3λ

2

λ2 − b3
,

where λ is the wavelength expressed in µ m, and other

constant coefficients are provided by glass manufactur-
ers.

The coefficients of the dispersion equations can be

obtained from a variety of formats of glass catalogs pro-
vided by glass manufacturers, which are often available
from the company websites free of charge. In our paper,

we use the AGF file format for our lens model, which are
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Fig. 7 The refractive index of various lens materials is dependent
on wavelength and the wavelengths of visible light are marked in
shallow red [36].

devised and used by the ZEMAX lens design software

[39] and becoming a de facto standard in lens design
field. The Schott catalog is used as the major option to
provide the dispersion data in the following experiments

and the Hoya glass catalog is replaced when the glass
does not exist in the Schott catalog. While reading the
AGF file, we find that the new Schott catalog adopts

the Sellmeier equation, but the Hoya catalog still uses
the Schott equation.

However, after obtaining these dispersion coefficients,
we do not directly use them to compute the refractive

index at any wavelength. Instead we firstly pre-compute
the refractive index as a table for a fix set of wavelength
in equal internals (usually 1 nm) at the visual spectrum,

and then interpolate them to obtain arbitrary refractive
index.

5.2 Dispersive refraction

When a beam of white light enters into a lens system,
dispersive refraction occurs. The law of refraction, also
called Snell law, is a formula used to describe the rela-

tionship between the angles of incidence and refraction
for a monochromatic light. Lens elements are made of
transparent materials, such as glass, plastic, and crys-

talline, and therefore the law of refraction can be used
to describe the interaction of light with a lens system.
Wu et al. [37] have given the detailed deduction pro-

cess on how to calculate the refracted direction of the
white light using the Snell law. While considering the
monochromatic light, the same equation is applied to

calculate the refracted ray except that the refractive in-
dex at the individual wavelength is used rather than at
the primary wavelength (587.6nm). The refractive ray

can be obtained by the following equation:

T(λ) =
n(λ)

n′(λ)
I(λ) + Γ (λ)N(λ), (1)

where I(λ) and T(λ) are the unit vectors of the inciden-

t and refracted monochromatic rays at certain wave-
length λ, respectively, N(λ) is the unit vector of the
normal at the intersection between the incident ray and

the lens surface, n(λ) and n′(λ) are the refractive in-
dices of the materials at both sides of the lens surface
boundary for the wavelength λ respectively, and Γ (λ)

is called partial derivative. All these quantities of this
formula are dependent on wavelengths due to the lens
dispersion. When the surface is a mirror, the inciden-

t ray will be reflected and the dispersion disappears.
Reflection can be consider as a special situation of re-
fraction with , and the reflected ray can be denoted as

T = −I+ 2(I ·N)N. (2)

Eqs. 1 and 2 can be used to calculate the direction

of the refracted or reflected ray in general sequential
dispersive ray tracing algorithm inside a lens system.

5.3 Determination of pupils

Entrance pupil and exit pupil are fairly helpful for ef-
ficiently tracing rays through a lens system, as stated
further in Sect. 6.1. Therefore calculating the entrance

pupil and exit pupil in a lens system, including their
axial positions and sizes, is essential. Kolb et al. [12] p-
resented an algorithm for finding the exit pupil using its

imaging relationship with the aperture stop. Their algo-
rithm assumes that the aperture stop is unknown, and
thus needs to find the aperture stop at first. In fact, the

aperture stop in the lens description is specified in ad-
vance, i.e. lens description tables of Fig. 9. Based on this
observation and the conjugate characteristic among the

aperture stop and its pupils, we propose a more easily
implemented algorithm for locating the pupils in a lens
system and calculating their size [37]. This algorithm

can be divided into two stages: firstly, the positions of
the pupils are determined by tracing two opposite rays
emanating from the center of aperture stop, such as the

ray path A in Fig. 8; secondly, the sizes of the pupils
is calculated by iteratively searching the marginal ray
that almost touches the rim of the aperture stop but

passes through the entire lens system, such as the ray
B in Fig. 8. The detailed process about our algorithm
refers to previous work [37]:

5.4 Dispersive ray tracing inside the lens system

For simulating the optical properties of physical lenses,
a bidirectional sequential ray tracing (BSRT) approach

[37] has been introduced and combined with traditional
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Fig. 8 Determination of entrance pupil and exit pupil. A ray
through the center of the aperture (on the optical axis) is bound
to penetrate the center of both pupils (also on the optical axis).

bidirectional ray tracing in the 3D scene. However, this

approach can not model the chromatic aberration phe-
nomenon in lens systems. A näıve, direct modification
on BSRT is to extend it by introducing the dispersion

equations. Namely, when a monochromatic ray enter-
s into the lens system, the refractive indices of all the
lens materials for current wavelength in the lens sys-

tem are updated using the dispersion equations, which
take at this wavelength as the input parameter. Un-
fortunately, this näıve implementation is inefficient, as

demonstrated later in 7.2. Inspired by the spread ray
technique proposed by Yuan [38], we present a disper-
sive bidirectional sequential ray tracing (DBSRT) ap-

proach for modeling lens dispersion. The basic idea is to
trace multiple rays of different wavelengths for improv-
ing efficiency of spectral rendering, which is later ex-

plained in discussing spectral rendering in Sect. 6. The
detailed process of our method is described in Algorith-
m 1, where a packet of rays, R1 . . . Rk, corresponds to

k different wavelengths and comes from either the im-
age plane or the 3D scene. Each of them has either of
two states, live or dead, which indicate whether the ray

has been blocked by the lens system in the successive
tracing, and all the rays are live at the initialization
stage.

Algorithm 1 Dispersive sequential ray tracing

1: for every lens surface Si of a lens system L do
2: for every live ray Rj of the ray packet R do

3: compute the intersection Pj of Rj and Si

4: if Pj is beyond aperture of the element then
5: the ray Rj is marked as dead
6: else

7: compute the normal Nj of Si at Pj

8: compute the refracted (reflected) ray Tj using
Nj and Eqs. 1 and 2

9: update the ray Rj according to Pj and Tj

10: endif
11: endfor

12: endfor

6 Spectral rendering

6.1 Sampling lens model

Integrating our realistic lens model into a general ray
tracer requires careful consideration on how to sample
our lens model, mainly relating to placement of image

and lens samples. Taking the path tracer as an example,
the main problem involves how to generate a new cam-
era ray which enters into the 3D scene through the lens
model. A direct and näıve solution for this problem is

to place an image sample point on the image plane and
a lens sample point on the rear lens closest to the im-
age plane, and then connect this pair of sample points

to produce a new camera ray for further ray tracing
through the lens model and scene. However, this solu-
tion is fairly low in efficiency because majority of the

generated camera rays that pass through the rear lens
are blocked by the rims of the successive lens elements,
and eventually cannot pass through the lens system,

which is illustrated in the profile view of the first lens
of Fig. 9.

In order to improve efficiency of ray tracing, we

place the lens sample on the entrance or exit pupils
according to the optical properties of the aperture stop
and its pupils, already explained in Sect. 3.1. Therefore

generating camera rays between the image plane (ob-
ject plane) and exit pupil (entrance pupil) can improve
efficiency of ray tracing, especially when the diameter of

the aperture stop is small compared to the other aper-
tures of the lens system, as illustrated in the profile
view of the second and third lenses of Fig. 9.

6.2 Spectral ray tracing approach

Spectral rendering is essential for correctly modeling
the specular dispersion [4]. A direct approach is the

single-wavelength scheme, which generates the light path
dependent on a randomly chosen wavelength. Howev-
er it is inefficient because only single wavelength of

light radiance is carried on each light path with high
computational costs. Fortunately, an efficient, sparse
direct sampling technique, stratified wavelength clus-

ter (SWC), proposed by Evans and McCool [5], can
be adapted to alleviate the above problem. Its basic
idea is to firstly split the visual spectrum into K non-

overlapped subregions,
Si = [λmin + i ·∆λ, λmin + (i+ 1) ·∆λ],

∆λ = (λmax − λmin)/K,

i ∈ {0, 1, · · · ,K − 1},
(3)

where λmin and λmax are the up and lower bounds of

the visual spectrum range. Then, randomly choosing a
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(a) F/1.35 (b) F/1.7 (c) F/2.0
(d) F/1.5

Fig. 9 Tabular descriptions and profile views of three double Gauss lenses and a catadioptric telephoto lens with the same focal
length 100mm [25]. In this paper, the lenses are labeled with their F stops, which are F/1.35, F/1.4, F/2.0 and F/1.5 respectively, and
the last lens is a catadioptric lens. Each row in the tables describes a lens surface. Surfaces are listed in order from front to rear, with
basic measurement unit in millimeters. The first column gives the signed radius of a spherical surface; if 0.0 is given, the surface is

planar. A positive radius indicates a surface that is convex when viewed from the front of the lens, while a negative radius indicates a
concave surface. The next entry is thickness, which measures the distance from this surface to the next surface along the optical axis.
Following that is the material between the surface and the next surface. The last entry is the diameter of the aperture of the surface.

The row with a radius of 0.0 and air at both sides of the surface signifies an adjustable diaphragm, namely the aperture stop.

wavelength λi from each subregion Si, combining all the
random wavelengths, λ0, λ1, · · · , λK−1, finally forms a

stratified wavelength cluster. In practice, for easy imple-
mentation and rendering efficiency, rather than gener-
ating a cluster ofK stratified wavelengths byK random

numbers, we use a single random number to uniformly
dither all subregions to obtain a wavelength cluster.

Based on this technique, when tracing rays in our
lens model and the 3D scene, each generated light path
carries a bundle of wavelengths, not a single wavelength.

When the specular refraction occurs, two different s-
trategies are provided, namely (splitting) and (degra-
dation). For the first strategy, the cluster is split into

several separate light paths, but if using the other one,
the cluster degrades into a single-wavelength light path
by discarding all other wavelengths. The overall effi-

ciency of this technique is fairly high since the fraction
of clusters that need to be split or degraded in a typical
scene is low. In addition, the specular dispersion tend-

s to decrease the source color variance and offset the
increased amortized cost of generating each path.

For the 3D scene, the degradation strategy works
better than the other one because the separate trac-
ing in a complex scene for each wavelength of a cluster

increases the implementation complexity and computa-
tional costs. In the other way, the simplicity and reg-
ularity of the lens geometry supports efficient, parallel

ray tracing of several light paths. Therefore, the split-

ting strategy is the better option for the dispersion of
our lens model. Motivated by these observations, we

propose a novel, hybrid scheme to handle different dis-
persions along the light path. Our scheme adapts the
degradation strategy to handle the dispersion in the 3D

scene, and the other one for the lens model. Combina-
tion of both strategies can greatly improve rendering
performance, and the overview of our spectral render-

ing scheme is illustrated Fig. 10.

In this paper, we only consider how to model the

lens dispersion rather than the common dispersion in
the 3D scene, and thus assume that the scene is diffuse
or barely specular. Given a non-dispersive lens model,

the degradation strategy for the scene works very well
and greatly improves the rendering efficiency. Howev-
er, our lens model features the dispersion characteris-

tic due to the presence of transparent materials, and
thus dispersion always occurs when light rays traverse
the lens model. As a result, this strategy degenerates

to simple single-wavelength strategy. For solving this
problem caused by our dispersive lens model, we defer
the spectral ray tracing process inside the lens system

until the ray tracing in the 3D scene is finished, and
then different strategies are used at two stages.

Furthermore, we modify a widely used light trans-
port algorithm, bidirectional path tracing [30], to in-
corporate the SWC technique and in particular discuss

some special treatments to achieve correct integration
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Fig. 10 Spectral rendering framework for integrating our lens
model with the bidirectional ray tracing approach.

between our lens model and this algorithm. Before us-
ing this algorithm to generate the camera and light sub-
paths, we firstly produce a spectrum wavelength cluster

perturbed at random. Notice that each pair of camera
and light subpaths must carry the same spectrum wave-
length cluster for correct connection.

Camera subpath: If the starting vertex of the
camera subpath is placed on the exit pupil, direct con-
nection between this vertex and the light subpath will

be difficult because of the block of the lens model be-
tween them. Therefore, this vertex will be generated
from the entrance pupil for easily obtaining the succes-

sive vertex or joining with the corresponding light sub-
path. Based on this idea, we exploit the object plane,
the conjugate plane of the image plane in the object

space, and the entrance pupil to generate a ray shoot-
ing into the scene. Light subpath: The light subpath
is generated like the traditional bidirectional path trac-

ing, and no special cases are handled except that the
SWC technique is used during the generation process.
Subpath connection: After both subpaths are creat-

ed, they are connected like the traditional bidirectional
path tracing. Subsequently, the spectral ray tracing in-
side the lens model is executed to obtain multiple pixel

positions on the image plane where the connected ray
path contributes its radiance. Exceptionally, if the cam-
era subpath contains only one vertex, a new ray starting

on the entrance pupil is generated.

7 Results and discussion

Based on proposed dispersive lens model and spectral
rendering approach, we have produced a variety of re-

alistic and artistic bokeh effects caused by lens stops
and lens aberrations, and all results were rendered on
a workstation with Intel Xeon 5450 3.0G and main-

memory of 4GB. Figure 9 lists the prescriptions and
2D profile views of four lenses used in the following
rendering experiments, and the apertures of the lenses

are set to their adjustable maximum values for better
capturing bokeh effects.

7.1 Examples

Figure 11 is a simple scene composed of a row of glossy

balls, different bokeh effects are generated by using four
lenses at five different focal distances, and the shape of
the aperture stop is circular. For the central balls in

each row, their highlights have circular COCs like the
aperture stop. When defocused, they feature various in-
tensity distributions within COCs, which are dependent

on the spherical and chromatic aberrations of the lens-
es used. These distribution patterns are diverse, such
as a bright core surrounded by a dark halo, a dark core

with a bright halo, or other more complex forms. Notice
that the donut-shape COCs in Fig. 11(d) appear due
to block of rays by mirror elements of the catadioptric

lens F/1.5. In Fig. 11(a)-(c), we can also observe that
all COCs are colorful, which are caused by the chromat-
ic aberration of physical lenses. However, in Fig. 11(d),

the COCs are gray and intensity distributions are u-
niform because of mirror elements of the catadioptric
telephoto lens. In lens design field, mirror elements are

usually used to eliminate or reduce the spherical and
chromatic aberrations existing in physical lenses [25].

However, for these more peripheral balls, their COC-

s start to become non-circular and feature various shapes,
such elliptical, cometic, or other more complex forms,
and the light intensity distributions within these COCs

are more complex than the central ones. The variation
of the COC shape and its intensity distribution is af-
fected by vignetting stop, coma, astigmatism and field

curvature together.
Figure 12 displays a variety of bokeh effects by a s-

lightly complex chess scene, where we see various color-

ful bokeh effects in both foreground and background of
each image due to co-influence of multiple kinds of lens
aberrations. In Fig. 12(a)-(c), observe that the chromat-

ic aberration only affects the appearance of the high-
lights in the images, while other parts of the images are
free from the chromatic aberration. This phenomenon

is consistent with the explanation in Sect. 4.2. In Fig.
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12(d), the chromatic bokeh effects disappear because

of anti-chromatic characteristic of the catadioptric tele-
photo F/1.5.

Figure 13 illustrates a variety of bokeh effect us-
ing the same chess scene as Fig. 12, but these effects
are affected by lens stops and lens aberrations togeth-

er. The lens used is double Gauss lens F/1.35. From
Fig. 13(a) to Fig. 13(d), the aperture shapes are trian-
gular, rectangular, pentagonal and starry, respectively.

Notice that the bokeh shape in the middle is more sim-
ilar to the shape of the aperture stop used, but the
bokeh shape in the periphery is more complex due to

influence of multiple kinds of lens aberrations. Figure
14 is a scene containing a few bubbles, plus an envi-
ronment lighting using a texture image. These images

illustrate various bokeh effects featuring intensely artis-
tic sense.

7.2 Comparisons

Figure 15 compares our bokeh rendering method and
the monochromatic one [37], which is so far the most ac-
curate one for rendering bokeh effects. It is seen that the

monochromatic one only produces gray bokeh effects,
but ours is able to simulate chromatic bokeh effects
caused by monochromatic and chromatic aberrations

together. For verifying our method, we also did a real
photograph experiment using a common digital camera,
Cannon EOS 50D with F/1.4, shown in Figure 16 (a).

From this figure, we clearly observe that these color-
ful bokehs are similar to that produced by our method.
The lens used by our method is a wide-angle lens F/3.4

(Modern lens design [25], pp.358), which is consistent
with the wide-angle properties of this digital camer-
a. However, accurate comparisons between the images

simulated by our method and the real photographs are
fairly difficult because the detailed optical data of re-
al camera lenses are unobtainable and 3D modeling for

actual scenes captured in the photographs refers to an-
other specialized field.

Figure 17 illustrates the visual comparison about
our hybrid scheme and the single wavelength scheme.

It is seen that our hybrid scheme produces less noise
and sharper bokeh appearance than the single wave-
length scheme. The images by both schemes were ren-

dered with the same time: one hour and twenty six min-
utes and the reference image was rendered with ninety
one hours and eighteen minutes. In order to give a quan-

titative measurement on both schemes, we compare our
new hybrid scheme with the single wavelength scheme
using two different image quality measurement meth-

ods: peak signal-to-noise ratio (PSNR) and structural

(a) Monochromatic (b) Ours

Fig. 15 Comparison between the monochromatic bokeh render-
ing method (a) and ours (b). Note that our method can produce
colorful bokeh effect that the monochromatic one can not.

Table 1 Comparison of rendering performance on single wave-
length scheme and our hybrid scheme using PSNR and SSIM .
The time format is hour:minute.

Time 1:26 2:23 5:13 25:51

PSNR(dB)
Single 39.47 40.98 43.29 46.90
Ours 40.82 42.38 45.21 50.78

SSIM
Single 0.9634 0.9769 0.9882 0.9950
Ours 0.9742 0.9843 0.9927 0.9981

similarity (SSIM) [34]. For both measurement method-
s, higher value or index indicates better image quali-
ty. We compare the images produced by both schemes

with the same rendering time, to the reference image
respectively. The PSNR values and SSIM indices under
different rendering time for both schemes are listed in

Tbl. 1. Note that our hybrid scheme produces higher
PSNR values and SSIM indices, which means that our
hybrid scheme is more efficient and produces better im-

age quality than the single wavelength scheme with the
same rendering time.

8 Conclusion

We have presented a novel approach for simulating re-
alistic spectral bokeh effects due to lens stops and aber-

rations. Bokeh effects depend on geometrical elements
(lens stops) and optical factors (lens aberrations) of
complex lens systems, which mainly influence their shape

and light intensity distribution of bokeh. In order to
simulate these lens-related effects, we have proposed t-
wo important techniques: an accurate dispersive camera

lens model and an efficient spectral rendering scheme,
which have been demonstrated by multiple rendering
experiments and comparisons.

Despite high accuracy of our lens model, some other
optical effects are still not taken into account, such as
unwanted reflections on the inner lens surfaces. There-

fore, in the future, we intend to model unwanted re-
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(a) F/1.35 (b) F/1.7 (c) F/2.0 (d) F/1.5

Fig. 11 A scene of a row of balls on a green background for showing bokeh effects using three double Gauss lenses, F/1.35, F/1.7
and F/2.0 and one catadioptric telephoto lens, F/1.5 at different focal distances. Note that the changes of bokeh patterns from center
to edge due the focal distances and lens aberrations.

(a) F/1.35 (b) F/1.7 (c) F/2.0 (d) F/1.5

Fig. 12 A chess scene for showing bokeh effects using three double Gauss lenses, F/1.35, F/1.7 and F/2.0 and one catadioptric
telephoto lens, F/1.5.

(a) Triangular (b) Rectangular (c) Pentagonal (d) Starry

Fig. 13 Bokeh effects due to different shapes of lens stops, triangular, rectangular, pentagonal and starry, respectively, and the lens
used is double Gauss lens F/1.35.

flections to refine our lens model. Another importan-
t aspect of the future work is to accelerate rendering

of bokeh effect, for instance, reducing average samples
per pixel by combining bokeh blur characteristic with
adaptive rendering techniques [26,7,21], and accelerat-

ing rendering of bokeh pattern by expanding metropolis
sampling techniques [31,10] based on bokeh’s highlight
characteristic. In addition, our lens model can also be

introduced into real-time rendering for achieving more
realistic lens effect than pin-hole model or thin lens
model, and, fortunately, recently released ray tracing

engine OptiX [22], developed by NVIDIA, provides a
suitable platform for implementing our lens model.
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