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Abstract Bokeh effect is an important characteristic for re-
alistic image synthesis. However, existing bokeh rendering
methods are incapable of simulating realistic bokeh effects
due to not taking into account optical characteristics of real
lenses, especially optical aberrations. In this paper, a novel
realistic bokeh rendering method, based on an accurate cam-
era lens model and distributed ray tracing, is presented. An
optical analysis of the relationship between bokeh and opti-
cal aberrations, including spherical aberration, coma, astig-
matism and field curvature, is firstly introduced. Based on
this analysis, a physically-based camera lens model, which
takes detailed lens prescription as input, is then introduced
for accurately modeling the aberrations. The position and di-
ameter of the entrance and exit pupils are calculated by trac-
ing rays inside the lens for achieving efficient ray sampling,
and a general sequential ray tracing algorithm is proposed to
better combine with bidirectional ray tracing. Furthermore,
correct integration between the lens model and bidirectional
ray tracing is also analyzed. The rendering results demon-
strate a variety of realistic bokeh effects caused by the aber-
rations.
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1 Introduction

Bokeh refers to the appearance of the circle of confusion
(COC) for an out-of-focus (OOF) point, especially for small
or point light sources, and highlights in out-of-focus areas
of a photo [1, 19]. Bokeh often appears in photos produced
by large-aperture lenses, macro lenses, and long telephoto
lenses because they are typically used with a shallow depth
of field (DOF). Different lenses produce different bokeh ef-
fects in the background or foreground of photos, and these
effects vary in the COC shape and light intensity distribution
in the COC depending on optical characteristics of lenses.
Lens manufacturers, including Nikon, Canon, and Minolta,
provide some lenses, which are deliberately designed to cap-
ture bokeh more easily for photographers. With these lenses,
photographers introduce a variety of bokeh effects in their
artistic works for reducing distractions of viewers, empha-
sizing primary subject and enhancing sense of art of an im-
age.

For a computer-synthesized image, bokeh effect can en-
hance realism and improve depth perception and user com-
prehension. Therefore, a number of methods have been pro-
posed to add bokeh into synthesized images, but none of
them produce accurate bokeh effect due to lack of accurate
lens model. Motivated by this observation, a new method
for rendering realistic bokeh effect is proposed in this paper.
Our method firstly introduces a new physically-based lens
model, which is generalization of Kolb’s lens model [12].
The lens model is implemented based on accurate geometri-
cal description of real lenses and law of refraction. As a re-
sult, the optical properties of real lenses are accurately mod-
eled and the bokeh appearance, including the COC shape
and the light intensity distribution within the COC, truly re-
flect the aberrations existing in lenses. Furthermore, the ac-
curate lens model and distributed ray tracing technique are
combined in support of rendering realistic bokeh effect.

mailto:wujiaze05@gmail.com


556 J. Wu et al.

2 Related work

2.1 Depth-of-field rendering

Bokeh effect is closely related with DOF effect because
DOF effect refers to blurring in OOF areas, and can be con-
sidered as a simplified case of bokeh effect under a thin
lens. Plenty of DOF rendering methods have been devel-
oped, forming a spectrum of quality-performance trade-off,
from accurate to fast techniques. These methods can be di-
vided into two groups: multi-pass methods [4, 9, 17, 21, 26]
and post-processing methods [13, 14, 16, 18, 22, 24, 30].
The multi-pass methods can achieve most accurate DOF ef-
fect at heavy computational cost, while the post-processing
methods are mainstream for rendering DOF effect at inter-
active rate at the cost of loss of reality. However, all those
methods are only capable of simulating DOF effect pro-
duced by the thin lens model, and incapable of obtaining
more complicated DOF effect (namely bokeh effect) caused
by complicated real lenses.

2.2 Bokeh rendering

As bokeh effect can be viewed as complicated DOF effect,
many rendering methods for DOF effect can be extended to
render bokeh effect. According to wave optics and thin lens
model, Potmesil and Chakravarty [22] derived the Lommel
function to describe the intensity distribution in the COC,
but did not propose and implement any algorithm for pro-
ducing bokeh effect of real lenses.

Riguer et al. [23] presented a gathering-based method for
rendering bokeh effect, and applied a number of filters with
different shapes and intensity distributions to obtain diverse
effects. Kodama et al. [11] proposed a similar method, but
exploited multiplication operation in frequency domain in-
stead of convolution operation in spatial domain for accel-
erating rendering process. However, Kass et al. [10] pointed
out that rendering relatively high-quality bokeh effect with
gathering methods is rather difficult, since bokeh patterns
are determined by the scattered pixels from a source image
rather than the gathered neighbor pixels.

Lee et al. [16] proposed a scattering-based method for
simulating more accurate bokeh for defocused highlights.
This method easily renders the effect by exploiting texture
extension of GPU point sprites. Lanman et al. [15] mod-
eled various shapes of COC by compositing a set of simple
images describing basic aperture shapes. Based on summed
area table technique, Kosloff et al. [13] implemented a vari-
ety of effects of different shapes and intensity distributions.

All these methods above are based on image post-
processing techniques, and only generate approximate ef-
fect. Buhler et al. [3] proposed a bokeh rendering method
based on distributed ray tracing, where an arbitrary prob-
ability density function is specified to represent the light

Fig. 1 Basic optical principle of bokeh effect: the formation of the
COC

intensity distribution within the COC. This method achieves
more accurate effect than post-processing methods, but only
uses the thin lens model.

3 Circle of confusion

In this section, we begin with the formation of the COC to
explain basic idea of bokeh effect. Figure 1 illustrates a thin
lens with the focal length, f , and the aperture diameter, D.
Any point on the focal plane can be sharply focused on the
image plane. However, for an out-of-focus point, its images
on the image plane will be a blur disk, which is often called
circle of confusion.

To calculate the diameter of the COC, we first give two
important equations according to the lens equation [7]:

Vf = Uf f

Uf − f
,

m = Vf

Uf

,

where Uf is the distance from the focal plane to the lens,
also called focal distance, Vf is the distance from the image
plane to the lens, and m is the magnification. Using the sim-
ilar triangle theory, the diameter, C, of blur disk on the focal
plane produced by P can be represented as

C = D
|U − Uf |

U
,

where U is the distance from P to the lens, also called ob-
ject distance. Finally, the diameter of the COC on the image
plane is obtained by multiplying the magnification m by C:

c = mC = |U − Uf |Vf

Uf U
D = |U − Uf |f

U(Uf − f )
D. (1)

As seen from (1), the diameter of the COC depends on
the aperture size, focal length, object distance, and focal dis-
tance, and thereby these factors determine whether bokeh
effect can appear in out-of-focus areas. In a thin lens model,
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Fig. 2 A simple lens with negative spherical aberration. The marginal
rays have a shorter focal length than the central rays

the COC is always assumed to be circular and uniformly dis-
tributed, as adopted by DOF rendering methods. However,
in a real lens system, the COC is often non-circular due to
optical aberrations, and the light intensity distribution in the
COC varies with different real lenses because of their opti-
cal aberrations. In next section, we give an optical analysis
about the impact of optical aberrations on the COC shape
and the light intensity distribution within the COC.

4 Optical aberrations

Optical aberrations, ubiquitous in real lens systems, refer to
departure of the imaging performance of a lens system from
the perfect prediction by Gaussian optics [2]. Optical aber-
rations lead to blurring of images, and affect the appearance
of bokeh effect, including its shape and intensity distribu-
tion. In this section, we will analyze how various kinds of
optical aberrations affect bokeh on images.

4.1 Spherical aberration

Most lenses are composed of spherical surfaces due to low
manufacture cost, but their shape is not ideal for the for-
mation of a sharp image and leads to spherical aberration.
This is because that the refracted light rays have different
focal lengths when they strike a lens near the periphery in
comparison with those near the center of the lens. Spherical
aberration can be considered as a kind of on-axis aberration
because it only occurs for an on-axis point.

Figure 2 illustrates the spherical aberration of a single
lens. Notice that the light rays that hit the lens close to the
optical axis are focused at position 5, far from the lens but
very near the Gaussian focus. As the ray height hitting the
lens increases, the position of the intersection with the op-
tical axis moves closer and closer to the lens (for example,
positions 4, 3, 2, and 1). When the periphery focus is lo-
cated farther from the lens than the Gaussian focus, the lens

Fig. 3 In the presence of coma, the rays through the periphery of the
lens are focus at a different height than the rays through the center of
the lens

is considered to suffer from positive spherical aberration.
Conversely, the lens features negative spherical aberration,
which is the case for the lens in Fig. 2.

Depending on how a lens is corrected for spherical aber-
ration, the COC of an axial out-of-focus point may be uni-
formly illuminated, brighter near the edge, brighter near
the center, or even some kind of more complex form. In
Fig. 2, the COC at position 5 is characterized by a bright
core surrounded by faint halo, whereas the COC at posi-
tion 1 has a darker core surrounded by a bright ring of light.
Such anomalous light distributions often appear in the out-
of-focus parts of a photograph, and popular among portrait
photographers for their artistic sense.

4.2 Coma

Coma (also called comatic aberration) refers to the distor-
tion of the image for an off-axis point. Therefore, coma is
considered a kind of off-axis aberration compared to spheri-
cal aberration. When a beam of oblique rays hits a lens with
coma, the rays passing through the edge of the lens may be
focused at a different height from those passing through the
center and the difference in height is called comatic aberra-
tion. As illustrated in Fig. 3, the upper and lower marginal
rays, A and B, intersect the image plane below the ray C
passing through the center of the lens. Coma usually affects
the COC shape, and the appearance of the image formed by
a comatic lens is indicated in the right-bottom side of Fig. 3.
Obviously, which features the comet shape in accord with
the name of the aberration.

4.3 Astigmatism and field curvature

Ideally, a lens system captures a 3D scene onto a flat im-
age plane, where a digital sensor or film lies. However, this
is not the case for the image formation in practice, and de-
viation from a flat image plane always occurs because of
astigmatism and field curvature. In the presence of astigma-
tism, an off-axis point will have two different sharp images,
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Fig. 4 A simple lens with undercorrected astigmatism. T = tangential
surface; S = sagittal surface; P = Petzval surface. Image courtesy of
Paul van Walree [29]

namely tangential and sagittal images, at different positions.
All tangential and sagittal images in the field of view form
tangential and sagittal image surfaces, respectively, for ex-
ample surfaces T and S shown in Fig. 4. In the absence of
astigmatism, the tangential and sagittal image surfaces will
coincide, and form a single surface, called Petzval surface,
such as surface P shown in Fig. 4.

Astigmatism and field curvature have an important im-
pact on the shape of bokeh. For an off-axis point, when its
tangential image moves away from its Gaussian focus, its
real image will be elongated in sagittal (or radial) direction;
when its sagittal image moves away from its Gaussian focus,
its real image will be elongated in tangential direction. Fig-
ure 5 illustrates bokeh effect produced by a lens with astig-
matism and field curvature in Fig. 4. The elongation of the
COCs towards the image corners can be directly attributed
to the astigmatism and field curvature in Fig. 4. Since the
tangential image surface is further away from the Gaussian
image plane than the sagittal image surface, the COCs will
be blurred more in radial direction. The blur shapes in Fig. 5,
which are mainly due to astigmatism, should not be con-
fused with the blur shape of a lens that suffers from coma
(Sect. 4.2).

5 Rendering of bokeh effect

5.1 A physically-based lens model

5.1.1 Law of refraction

The law of refraction, also called Snell law, is a formula
used to describe the relationship between the angles of inci-
dence and refraction when light passes through a boundary
between two different transparent materials. Lens elements
are made of transparent materials, such as glass, plastic, and

Fig. 5 Bokeh effect of a grid of white dots produced by a lens with
astigmatism and field curvature. (Planar 1.4/50 at F/1.4 and the central
dot in focus.) Image courtesy of Paul van Walree [29]

crystalline, and therefore the law of refraction can be ex-
ploited to describe the behavior of light through a lens sys-
tem. For convenience of ray tracing calculation, the law of
refraction is denoted in a vector form,

n(I × N) = n′(T × N),

where I and T are the unit vectors of the incident and re-
fracted rays, respectively, N is the unit vector of the normal
at the intersection between the incident ray and the lens sur-
face, and n and n′ are the indices of refraction of both mate-
rials, respectively. The law can be rewritten as
(

T − n

n′ I
)

× N = 0,

which indicates that T − n
n′ I and N have the same or inverse

direction, and therefore we obtain

T − n

n′ I = Γ N,

where Γ is called partial derivative. Giving dot product for
both side of the equation, we obtain

Γ = T · N − n

n′ I · N = cos θ ′ − n

n′ cos θ

=
√

1 − n2

n′2
(
1 − (I · N)2) − I · N,

where θ and θ ′ are respectively the angles of incidence and
refraction. Hence, the unit vector of the refracted ray can be
denoted as

T = n

n′ I + Γ N. (2)

Equation (2) can be used to calculate the direction of the re-
fracted ray in general sequential ray tracing algorithm inside
a lens system.
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5.1.2 Calculation of entrance and exit pupils

When tracing rays passing through a lens system, a naive
ray sampling method is connecting two points sampled on
the image plane and the rear lens, which is closest to the
image plane. However, this method is fairly low in efficiency
because majority of the rays that pass through the rear lens
are blocked by the rims of lens elements, and cannot pass
through the entire lens system, shown in the profile view of
the first lens in Fig. 6.

In order to improve the efficiency of the ray sampling,
we exploit the optical properties of the aperture stop and its
pupils, shown in Fig. 6. The aperture stop is the aperture
that most limits the amount of light entering a lens system,
the entrance pupil represents the image of the aperture stop
when viewed from the object space, and the exit pupil the
image from the image space [7]. There is a conjugate rela-
tionship among aperture stop, entrance and exit pupils for
a lens system. In others words, if a ray from a point passes
through either of them, it also passes other ones and finally
passes through the entire lens system. Conversely, if the ray
cannot pass through any of them, it cannot also pass through
any others. Therefore, only sampling rays between the im-
age plane and exit pupil can improve the efficiency of the ray
tracing, especially when the diameter of the aperture stop is
small compared to the other apertures in the lens system, as
shown in the profile views of the second and third lenses of
Fig. 6.

Based on the optical properties among the aperture stop
and its pupils, an algorithm for locating the pupils and cal-
culating their diameters is presented. This algorithm can be
divided into two steps: first, the positions of the pupils are
calculated by ray tracing; second, the diameters of the pupils
are determined using Gaussian optics [7] and ray tracing.
The detailed process about the algorithm is shown as fol-
lows:

Step 1 Point P0 is initialized as the center of the object (im-
age) plane, Pmin as the center of the front (rear) lens, and
Pmax as the marginal point of the front (rear) lens;

Step 2 Assuming the ray Rmin from P0 to Pmin, the ray
Rmax from P0 to Pmax, and the ray R1 equal to Rmax;

Step 3 If the difference between the directional cosines of
Rmin and Rmax is not less than the specified minimum value
and the number of iteration is not more than the maximum
value specified in advance, continue the following steps;
Otherwise, return to Step 5;

Step 4 Forward (backward) trace the ray R1. If the ray R1

can pass through the lens system, Rmin = R1; Otherwise
Rmax = R1. Then R1 = (Rmin + Rmax)/2, return to Step 3;

Step 5 The ray R1 is namely the marginal ray of the en-
trance (exit) pupil;

Step 6 The point P0 is initialized as the center of the aper-
ture stop, and the point P3 as the paraxial point on the op-
tical lens before (after) the aperture stop;

Step 7 Let ray R2 from P0 to P3, and backward (forward)
trace the ray R2 until it goes out of the lens system;

Step 8 The position of the center of the entrance (exit) pupil
is namely the intersection of R2 and the optical axis, and
diameter of the entrance (exit) pupil is determined by its
position and the marginal ray R1. The algorithm ends.

5.1.3 General sequential ray tracing inside the lens

Since all lens elements of a lens system can be stored into a
data structure in a sequence of light ray path, consequently
ray tracing inside the lens system can proceed in sequence.
Furthermore, the support for backward and forward ray trac-
ing inside the lens system is also needed for integration into
a general ray tracer. Therefore we present a general sequen-
tial approach for tracing rays inside the lens system from
its front or rear. Compared to the traditional distributed ray
tracing algorithm, the ray tracing inside the lens system need
not to find the closest intersection and avoid heavy computa-
tion of sorting and intersection, and therefore the efficiency
for tracing is fairly high. When the general sequential ray
tracing algorithm is integrated into a general ray tracing ren-
derer, an accurate camera lens model will be introduced to
simulate the optical properties of a real lens but the perfor-
mance of the renderer does not decrease too much. When
rendering a complex 3D scene, the ray tracing in the 3D
scene takes up nearly majority of the rendering time and
the ray tracing inside the lens system rarely contributes to
the rendering time. The detailed process of the algorithm is
described as follow:

Step 1 Generate a ray R from P1 to P2, where P1 and P2

are sample points on the image plane (3D scene) and exit
pupil (or entrance pupil), respectively;

Step 2 Iterate each lens element in the lens system. If there
are any elements, compute the intersection P0 of the ray
R and the element, continue following steps; Otherwise,
return to Step 5;

Step 3 If P0 is beyond the aperture of the element, the ray
R is blocked and cannot pass through the element, and the
algorithm ends; Otherwise the ray R can pass through the
element, continue the following steps;

Step 4 Compute the normal N of the element at P0. Com-
pute the refracted ray T . Then update R using T using (2),
return to Step 2;

Step 5 R is namely the ray shooting from the lens system,
and the algorithm ends.

5.2 Ray Tracing in a 3D scene

There are three representative ray tracing approaches, namely
path tracing, light tracing and bidirectional path tracing [28],
for solving the light transport equation in a 3D scene. Since
bidirectional path tracing can be considered as a combina-
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Fig. 6 Profile view and tabular description of three double Gauss
lenses with a focal length 100 mm [25]: from left to right, the lenses
are F/1.35, F/1.7 and F/2.0. Each row in the tables describes a sur-
face of a lens element. Surfaces are listed in order from front to rear,
with basic measurement unit in millimeters. The first column gives the
signed radius of a spherical surface; if 0.0 is given, the surface is pla-
nar. A positive radius indicates a surface that is convex when viewed
from the front of the lens, while a negative radius indicates a concave

surface. The next entry is thickness, which measures the distance from
this surface to the next surface along the optical axis. Following that is
the index of refraction at the sodium d line (587.6 nm) of the material
between the surface and the next surface. If 1.0 is given, the material
is assumed to be air. The last entry is the diameter of the aperture of
the surface. The row with a radius of 0.0 and air at both sides of the
surface signifies an adjustable diaphragm, namely the aperture stop

tion of path tracing and light tracing, we will only figure
how the physically-based lens model is integrated into bidi-
rectional path tracing.

Bidirectional path tracing connects two subpaths, namely
camera subpath and light subpath, to obtain the advantages
of both path tracing and light tracing. When the lens model
proposed in this paper is integrated into bidirectional path
tracing, some modifications to this tracing method need be
taken to realize the correct integration between them. More-
over, the integration into path tracing and light tracing is
similar the treatment on camera and light subpaths, respec-
tively.

Camera subpath. When generating a camera subpath, the
first vertex of the subpath should be placed at the entrance
pupil for easily connecting a light subpath. If the vertex is
placed at the exit pupil for conveniently generating rays be-
tween the image plane and the camera, the connection be-
tween the vertex and a light subpath will be impossible.
However, the corresponding conjugate vertex on the exit
pupil is also exploited to sample a new ray between the im-
age plane and the exit pupil. The new ray is traced inside
the lens system to obtain a ray leaving the lens system. The
exitant ray is assigned to the first vertex of the eye subpath
for calculating next vertex.

Light subpath. When a light subpath is connected to a
camera subpath of only one vertex, a new ray between two
subpaths is generated. The new ray starts on the entrance
pupil of a lens system, and determine the position of the im-
age plane which the combined path contribute to. The ray
tracing process inside the lens system is necessary to obtain
the position of the image plane. However, if the computed
position is beyond the image plane, the combined path will
be discarded.

6 Results and discussion

Our rendering method is implemented to produce realistic
and artistic bokeh effect. All results were rendered on a 3.0G
Intel Xeon 5450, with three double Gauss lenses, shown in
Fig. 6.

Figure 7 shows bokeh effects produced by a tiny light
source using three lenses for five different focal distances.
In Fig. 7(a), when the focal distance is 1000 mm, no bokeh
comes because the light source is in focus and has a sharpest
image. As the focal distance increases or decreases, the im-
age of the light source begins to become larger and more
blurring and bokeh begins to appear. When the focal dis-
tance is less than 1000 mm, the image is a dark circle with a
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bright thin ring, for example at focal distances 800 mm and
900 mm. When the focal distance is more than 1000 mm, the
image is a bright core with a dark ring, but the bright core
has a dark center, as shown at focal distances 1100 mm and
1200 mm. In Fig. 7(b), the changes of the light intensity are
similar to the first row except that there is a slightly bright
core in the dark circle at focal distance 900 mm. In Fig. 7(c),

Fig. 7 A tiny light source at a distance of 1000 mm from the lens used
and in the center of the field of view of the lens. From top row to bottom
row, the lenses used are F/1.35, F/1.7 and F/2.0. From left column to
right column, the focal distances are 800 mm, 900 mm, 1000 mm, 1100
mm and 1200 mm. Note that bokeh effects vary with different lenses
and focal distances

the changes of the light intensity are greatly different from
the former two rows. The image is a uniform circle for the
focal distance 800 mm, a bright core surrounded by a dark
thick ring for the focal distances 900 mm, and a dark circle
surrounded by a bright ring for the focal distances 1100 mm
and 1200 mm. Note that the size of the COCs varies with
the focal distance, as explained in Sect. 3. The changes of
the light intensity distribution due to the focal distance are
attributed to the change of the spherical aberration with the
focal distance. Different lenses can produce different bokeh
effects at the same focal distance because they have different
spherical aberrations.

Figure 8 show bokeh effects of the highlights on a row of
balls using three lenses at five focal distances. For the balls
in the center, their highlights have circular COCs when defo-
cused, and various intensity distributions within the COCs,
which are only dependent on the spherical aberration of the
lenses used. However, as with the balls close to the edge,
the COCs begin to become non-circular and are character-
ized by a variety of shapes, such elliptical and cometic, and
light intensity distributions within the COCs are more com-
plex than that of balls in the center. The shape and inten-
sity distribution are determined by coma, astigmatism and
field curvature, as is explained in Sect. 4. Figure 9 shows

Fig. 8 A row of balls for showing bokeh effect using the lenses, F/1.35, F/1.7 and F/2.0, at different focal distances. Note that the changes of
bokeh effects from center to edge due the focal distances and optical aberrations

Fig. 9 A chess scene for showing bokeh effects using the pinhole lens and three lenses, F/1.35, F/1.7 and F/2.0
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bokeh effect in a slightly complex chess scene, from which
we can see various bokeh effects due to optical aberrations
in both foreground and background of each image similar to
Fig. 8.

7 Conclusion

In this paper, the influence of the optical aberrations on the
shape and light intensity distribution of bokeh effects has
been analyzed. In order to simulate these aberration-based
effects, an accurate camera lens model, which exploits the
lens parameters of real lenses, has been introduced. General
sequential ray tracing inside the lens model, in support of
backward and forward ray tracing, has been presented for
better integration with bidirectional path tracing. An algo-
rithm for obtaining the position and aperture size of the en-
trance and exit pupils of a lens system has been proposed,
and the pupils are utilized for more efficiently guiding ray
sampling. For correct integration between the lens model
and bidirectional path tracing, the way to select the first ver-
tex of a camera subpath has been analyzed. Moreover, gen-
eral sequential ray tracing inside the lens model has been
exploited to generate light and camera subpaths. In sum-
mary, with all above techniques, optical aberrations of real
lenses are accurately simulated and corresponding bokeh ef-
fects have been also synthesized.

An important issue of future work is to analyze and syn-
thesize bokeh effects due to aperture shape, vignetting and
chromatic aberrations, and generalize our method to render-
ing more effects. Spectral rendering techniques [5, 6, 27]
would be required since chromatic aberrations are caused
by the variation of the index of refraction with the wave-
length. Adaptive sampling techniques [8, 20, 26] would be
combined with our methods to accelerate rendering of bokeh
effects.
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